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■ ABSTRACT 

■ Extending previous results obtained in the effective-potential approach, we derive analytic 
expressions for the pole masses of the charged and neutral Higgs bosons in the minimal 
supersymmetric standard model (MSSM) with explicit CP violation. In such a minimal 
supersymmetric model, the CP invariance of the Higgs potential is explicitly broken by 
quantum effects dominated by third-generation squarks at the one-loop level and by one- 
loop gluino- and higgsino-mediated threshold corrections to the top- and bottom-quark 
Yukawa couplings at the two-loop level. Field-theoretic issues arising in the description of a 
two-level Higgs-boson system strongly mixed due to CP violation are addressed. Numerical 
results for the pole masses of the CP-violating Higgs bosons are presented, and comparisons 
are made with previous results obtained in the effective-potential approach. 
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1 Introduction 



The minimal supersymmetric extension of the Standard Model (MSSM) represents the most 
economical, and perhaps the most appealing, low-energy realization of supersymmetry 
(SUSY) softly broken at 0.1-1 TeV energies, within which a natural formulation of the 
gauge-hierarchy problem is possible [|I|. Unlike the Standard Model (SM), the MSSM 
exhibits gauge- coupling unification at very high energy scales of order 10^^ GeV 0|, offers 
a theoretical framework able to realize cosmological baryogenesis via a strongly first-order 
electroweak phase transition ||^, ^ , and provides an interesting candidate for the cold dark 
matter favoured by astrophysics 0. Moreover, an important prediction of the MSSM is the 
existence of a light neutral Higgs boson which, in general, has SM-like properties and whose 
mass cannot exceed a calculable upper bound of about 130 GeV ||^. Since supersymmetric 
particle contributions to the precision electroweak observables rapidly decouple for values 
of the sparticle masses above the weak scale, these values of the lightest neutral Higgs- 
boson mass are consistent with the analysis of precision electroweak data, which, within 
the Standard Model, lead to a preference for a relatively Higgs-boson mass, not larger than 
~ 240 GeV 0. 

It has been emphasized in many papers that loop effects dominated by third- 
generation squarks may violate sizeably the tree-level CP invariance of the MSSM Higgs 
potential P, ^, |10|, |lT], |12|, |13], |14|, |15], |l^, [l^, |l^], giving rise to important modifications of 
the Higgs-boson couplings to the and Z bosons and to fermionic matter. Radiative CP 
violation in the MSSM Higgs sector thereby affects significantly the production rates of the 
Higgs bosons. In particular, modifications of the couplings to the Z boson of the lightest 
and second-lightest Higgs bosons might allow a relatively light Higgs boson with a mass of 
60-70 GeV to have escaped detection at LEP 2 [jl2[. The upgraded Tevatron collider, the 
LHC and a linear e^e~ collider will be able to probe in detail this minimal CP-violating 
supersymmetric model. 

An accurate determination of the MSSM Higgs-boson mass spectrum in the presence 
of CP violation plays an important role in the studies of electroweak baryogenesis [§]. It may 
also be important for understanding the domain of MSSM parameter space compatible with 
supersymmetric dark matter [Q, since CP violation is known to extend the allowed ranges 
of parameters, and even in the CP-conserving case rapid annihilation of relic particles via 
direct-channel Higgs poles can yield 'funnels' of parameter space extending to exceptionally 
large sparticle masses. 

In earlier work, we computed the charged and neutral Higgs-boson masses from the 
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one-loop effective MSSM Higgs potential, utilizing renormalization-group (RG) methods. 
Here, we extend our earlier computation of RG-improved Higgs-boson masses by taking 
into account finite contributions that arise from the shifts in the positions of the poles in 
the corresponding Higgs-boson propagators. Even though the computation of the Higgs- 
boson pole masses that we make is diagrammatic at the one-loop level, we are still able 
to implement the RG techniques known from previous effective-potential analyses in the 
MSSM [|l^, |2^. In fact, one can establish a close relationship between the RG- 

improved effective-potential approach followed in |]I2[ and the RG-improved diagrammatic 
calculation presented here. Specifically, if one considers the zero-momentum limit of the 
Higgs-boson propagators within the diagrammatic framework, the two approaches give 
identical results, which constitutes a non-trivial check on the correctness of our numerical 
evaluations. 



Following |]T^, we include in our RG-improved diagrammatic approach the leading 
two-loop logarithms due to QCD corrections, as well as the leading two-loop logarithms 



induced by the top- and bottom-quark Yukawa couplings p2[ . In addition, we take into con- 



sideration the leading one-loop logarithms due to gaugino and higgsino quantum effects |23 
Finally, we add to the effective potential the potentially large two-loop non-logarithmic cor- 
rections originating from one-loop threshold effects on the top- and bottom-quark Yukawa 
couplings, associated with the decoupling of the third-generation squarks ||2^ . 

As we show below, sparticle loops may have a relevant impact on the definition of the 
pole masses. Although the shift of the lightest neutral Higgs-boson mass is typically of the 
order of a few GeV, and therefore of the order of the uncertainties implicit in the effective 
potential computation of the neutral Higgs masses, the shift of the heavier neutral and 
charged Higgs-boson masses may be much larger, of the order of a few tens of GeV. These 
relatively large differences between the pole and running masses are usually associated with 
Higgs-boson mass values which are close to the thresholds for on-shell production of the 
third- generation squarks, and may have important consequences for Higgs physics at future 
colliders. 

The organization of the paper is as follows. Section 2 describes the approach we use 
to evaluate the Higgs-boson pole masses. Based on this approach, we compute in Section 3 
the pole masses of the charged and neutral Higgs bosons. Analytic expressions useful in 
the computation are given in Appendices A and B. We also address in Section 3 some 
crucial field-theoretic issues related to the proper description of a two-level Higgs-boson 
system strongly mixed via CP violation. Section 4 presents numerical estimates of Higgs- 
boson pole masses, making comparisons with previous results obtained in the RG-improved 
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effective-potential approach. Our conclusions are summarized in Section 5 |^| 



2 RG-Improved Higgs-Boson Self-Energies 

In this Section, we describe our approach to calculating the pole masses of the charged 
and neutral Higgs bosons in the MSSM with explicit radiative CP violation. Our approach 
utilizes RG methods in the MS scheme developed earlier in In particular, 

we demonstrate that, in the limit in which the squared off-shell momentum s = of 
the Higgs-boson propagators goes to zero, our derived analytic results of the Higgs-boson 
masses are identical to those previously obtained in |T2[ in the effective Higgs-potential 
approach. 

First we briefly review the basic low-energy structure of the MSSM with explicit CP 
violation. It is possible for CP violation to appear via the Higgs superpotential and the 
soft SUSY-breaking Lagrangian: 



W = hiHliT^LE + hdH'^iT^QD + KQ^iT^H^U - liH'^iT^H^, (2.1) 
-Aoft = + "^VK%^VK + "^SVS + h-c.) + Mim + MlQ^Q 

+ M^U*U + MID*D + MIE*E + m?$l$i + ml^\<^2 - (m?2 $f ir2$2 
+ h.c.) + [hiAi^\LE + hdAd^lQD - KAu^liT2QU + h.c), (2.2) 

where $i = zr2$i is the physical bosonic degree of freedom of the Higgs chiral superfield 
Hi, and T2 is the usual Pauli matrix. Throughout the paper, we follow the conventions 
of 1^, |12|. Details of the notation, including the quantum-number assignments of the fields 



under the SM gauge group, are given in Table 1 of 



The expressions ( ^.11 ) and ( ^.21 ) contain a large number of new CP-violating phases in 

the MSSM that are not present in the SM. The large number of these independent CP-odd 

phases can be substantially reduced if universality conditions are imposed on the complex 

soft SUSY-breaking parameters of the theory at some high-energy scale Mx- Under such 

universality conditions, all soft SUSY-breaking squark masses are set equal to a universal 

value at the scale Mx- Similarly, all the soft SUSY-breaking Yukawa couphng coefficients 

Af are set to a universal value at Mx, and likewise the gaugino masses rrig, and mg 

of the gauge groups SU(3)c, SU(2)2, and U(l)y are assumed to share a common value mi/2 

at Mx- In this unified framework Q, the new CP-odd phases are contained in four complex 

*One should bear in mind that the different RG runnings of the phases of the soft SUSY-breaking 
Yukawa coupUngs and of the gaugino masses lead to non-universal values at lower energies |2^. 
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parameters: the /i parameter that mixes the Higgs supermultiplets, the soft bihnear Higgs- 
mixing mass-squared parameter m^2; the common gaugino mass mi/2 and the common 
soft Yukawa couphng coefficient Af. However, two of these four phases may be ehminated 
using the two global symmetries that govern the dimension-four operators in the MSSM 
Lagrangian. In this way, the parameters fi and may be rephased so as to become 
real numbers. Consequently, the physical CP- violating phases of interest are arg(y4/) and 
arg(mi/2)- In this work we shall give general expressions, which may be applicable, but 
are not restricted, to the case of universal boundary conditions. 

The ground state of the radiatively-corrected MSSM Higgs potential —Cy may be 
determined by first linearly expanding the Higgs doublets $i and $2 as 

$1 = f '^^ ] , ^2 = e^^ ( '^^ ] , (2.3) 

\ 75 (^1 + 01 + ««l) J \ ^{V2 + (p2 + ^02) J 

where vi and f2e*^ are the VEVs of the Higgs doublets, and then demanding that the 
total tadpole contributions to the neutral CP-even and CP-odd fields 0i 2 and ai 2 van- 
ish p, ^ [1^. If 771^2 is real at the tree level, then a relative phase ^ of the two VEVs is 
formally induced at the one-loop level. However, the phase ^ can always be set to zero by 
a judicious choice of the counter-term (CT) Im m^2- Specifically, the CT Im m^2 can be 
chosen in a way such that it cancels completely the CP-odd tadpole graphs, leading to the 
consistent solution ^ = for the vanishing of the total CP-odd tadpole contributions. In 
this context, we stress again ||^ that such a ^ = scheme of renormalization preserves the 
phase convention for mfg, and consequently for fi, beyond the Born approximation. It may 
be extended straightforwardly to all orders in perturbation theory. 

It is often more convenient to switch to a basis in which the would-be Goldstone 
bosons and of the and Z gauge bosons decouple at s = = from the charged 
Higgs-boson and pseudoscalar mass matrices, respectively. In such a basis, the new Higgs 
fields may be expressed in terms of the old ones through the orthogonal rotations: 

( G+\ _ I cos(3 sm(3\ / 0^ \ ( _ ( cos/3 sin^\ f aA 

\H+ ) ~ \ - sin/3 cos/3 ) ) ' \ a ) ~ \ - sin/3 cos/3 ) \ ^2 J ' 

(2.4) 

where tan/3 = V2/V1. In (|2.4| ), and a are the charged and 'CP-odd' neutral Higgs 
scalars in the effective potential limit: s ^ 0. As we see explicitly in the next Section, the 
effective masses of the physical Higgs-boson fields found in the limit s ^ differ from the 
physical ones determined by the poles of the general propagator matrices. 
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Figure 1: Third-generation quark and squark contributions to the Higgs-boson self-energies. 

We first describe our programme for renormahzing the charged Higgs-boson self- 
energies; extending this programme to the neutral Higgs-boson self-energies is then straight- 
forward. We adopt the MS scheme of renormalization. The charged Higgs-boson self-energy 
transitions (f)J 0~, with i,j = 1,2, span a 2 x 2-dimensional matrix, which we denote 
by H^(s). As shown in Fig. |l], the dominant contributions to H^(s) come from quarks and 
squarks of the third generation. Employing the couplings of the Higgs bosons to squarks 
listed in Appendix A, we derive in Appendix B analytic expressions for the unrenormalized 
charged Higgs-boson self-energies H^(s). Then, in the weak basis {<f)f , (pt}^ the corre- 
sponding renormalized self-energies, denoted by H=''(s), are given by 



H±(s) = U^'^^is) + 
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with Ta = Ta^l cos/3 = —Ta^/ sin/3. In the MS scheme, the renormahzed charged Higgs- 
boson self-energy H^'^^(s) is obtained from H=''(s) by simply dropping all terms propor- 
tional to the ultra-violet (UV) divergence Cuy. Such a scheme of renormalization is valid 
for renormahzable theories, such as the one under study. Similarly, in (|2.5|), ^-^d 
j-MS g^^g ^YiQ MS-renormalized tadpole CTs as derived from T<^^ 2 ^-^id ^ai,2- The latter are 
computed in Appendix B. 

We can now extend the procedure for the RG improvement of effective Higgs-boson 
mass matrices we presented in to Higgs-boson self-energies. In particular, we wish to 
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take properly into account the decoupling properties and threshold effects of the heavy 
squarks in the loops. Following a line of argument closely related to that in |T^, we arrive 
at the RG-improved charged Higgs-boson self-energy matrix 

nj.(.) = -(Ml)., + {^Hj)-'m^)fM + (n^)g(«)- (2.6) 

Here, A^^ is the two-loop Born-improved mass matrix given by 

Ml = A<^(°)(Rem?2, A4) , (2.7) 

where 

MT\Reml,, A4) = [lx,v^v, + Rem^) (^'^^f (2.8) 

is the tree-level charged Higgs-boson mass matrix expressed in terms of relevant parameters 
such as the real part of the soft bilinear Higgs mixing, Remfj, and the quartic coupling A4. 
The bar on these parameters in (13), i.e. Re 771^2 and A4, indicates the sum of the tree-level 
and of the one- and two-loop leading logarithmic contributions. The analytic forms of 



Rem^2 Ai . . . A4 are given in fT^ . 



The second term in (|2.6|) describes the threshold effect of the top and bottom squarks 
and is the product of two quantities: (i) the anomalous- dimension factors of the external 
Higgs fields 



where Q^f, = max (Mg -|- mf, + m'f, + ml) defines the decoupling scale of the heavy 
squarks, and (ii) the threshold contribution 

An±(s) = MT\RemlP, X^^) + fl^{s) , (2.10) 

which is manifestly scale-independent at the one-loop level. The superscript '(1)' attached 
to the quantities Rem^g Ai . . . A4 indicates one-loop leading logarithmic contributions. 
Finally, the third term in (|2.6|) includes the top- and bottom-quark effects on the charged 
Higgs-boson self-energies. 

Like any quantity calculated in perturbation theory, the Higgs-boson mass spectrum is 
subject to an uncertainty related to unknown higher-order contributions, which is reflected 
in arbitrariness associated with the choice of renormalization scale. In making this choice, 
one may use as a guiding principle the minimization of the two-loop corrections in the 
effective-potential limit s — pO|, |2ll|. Since for sparticle masses above the weak scale 



7 



this minimization was shown to occur close to the top-quark mass rrit EO, we perform 



our computations using this renormahzation scale. Note that in the limit s — >^ 0, the RG- 
improved charged Higgs-boson mass matrix and the corresponding self-energy matrix 
n±(s) are related by Ml = - fl^{s = 0). 

The neutral Higgs-boson self-energies can be computed following a path very anal- 
ogous to the charged Higgs-boson case. First, we compute the MS-renormalized, but not 
RG-improved, Higgs-boson self-energies that involve the transitions (pj — >■ (pi, (pj — ^ Oj and 
ttj — > tti, with i,j = 1,2. These MS-renormalized scalar-scalar, scalar-pseudoscalar and 
pseudoscalar-pseudoscalar transitions are given by the two-by-two self-energy matrices: 

.rpMS rpMS 

n^(s) = n^'^s(s) + diag I 

n^^(s) = H^^'^(s) + , 

V 



rpMS 



U^is) = U^^^^is) + diagf^, (2.11) 

where the corresponding unrenormalized self-energies H'^(s), H'^'^(s) and H^(s) may be 
found in Appendix B. Then, very analogously with the charged Higgs-boson case ( p.6|) , we 
carry out the RG improvement of the neutral Higgs-boson self-energies by considering the 
squark threshold effects, i.e. , 

ng(.) = -(Mlh, + E mrH^%is) + (n^)g(^), (2.12) 

q=t,b 

and likewise for n'^'^(s) and n^(s). As in the charged Higgs-boson case, we denote by 



2 

M 

s ill ( |2-12|) the CP-even two-loop Born-improved mass matrix and by the anomalous- 



dimension factors 

327r^ mf 327r^ mf 



dim) = 1 + ¥^ In^ , dim) = 1 + 1^ In .^' 



dK) = 1 + ^ , dim) = 1 + 1^ In^ , (2.13) 



which appropriately define the running from the squark-decoupling scales = max + 

mf, Mf + rnf^ and Ql = max + ml, Mf + ml^ down to the top-quark mass mt Q. 

*This procedure involves the approximation of identifying the quark Yukawa coupUngs with the squark 
ones even below the SUSY-breaking scale. An explicit comparison of the effective potential computation 
with the diagrammatic two- loop computation of the lightest Higgs-boson mass shows that, even for the 
extreme conditions analyzed in p^ , the numerical differences between both methods remain of about 
2.5 GeV 
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In addition, (An'^)*'^(s) is the one-loop scale-independent contribution induced by the top 
and bottom squarks individually. Finally, (11'^)*'' (s) represents the top- and bottom-quark 
contributions to the CP-even Higgs-boson self-energies. 

The same procedure may be used to obtain the RG-improved analytic forms of the 
remaining neutral Higgs-boson self-energies: 11'^^ (s) and 11^ (s). Thus, in the weak basis 
{01, 02, Oi, 02}, all the RG-improved neutral Higgs-boson self-energies may be summarized 
by the 4 x 4-dimensional matrix 

In the effective-potential limit s 0, the would-be Goldstone bosons and defined in 
( ^.4| ) decouple from the charged and neutral Higgs-boson matrices. As a consequence, the 
ranks of the respective self-energy matrices given by ( |2.6| ) and ( |2.14|) get reduced by one 
unit. To make this last property explicit, we express the RG-improved charged and neutral 
Higgs-boson self-energies II=''(s) and II^(s) in the weak bases {G'^, H^} and {0i, 02, a, 
respectively. In the following we assume that such a change of weak bases has already been 
made using (|2.4| ). 

It is worth noticing that the RG-improved charged and neutral Higgs-boson self- 
energies include, through the terms AH^, AH"^, etc., potentially large two-loop non- 
logarithmic contributions from third-generation squarks, which are induced by their one- 
loop threshold effects on the top- and bottom-quark Yukawa couplings ht and hi,. Since 
these effects were extensively studied in [|I2| within the MSSM with explicit radiative CP 
violation, we do not embark on this topic here as well. In the next section, instead, we 
calculate analytically the pole masses of the charged and neutral Higgs bosons, and discuss 
some field-theoretic subtleties relevant to this calculation. 



3 Higgs-Boson Pole Masses 

We now concentrate on field-theoretic issues related to the proper definition of the physical 
pole masses of the unstable charged and neutral Higgs bosons. In the MSSM with explicit 
radiative CP violation, as well as being almost degenerate in mass, the two heaviest neutral 
Higgs bosons may mix with one another very strongly. This is a novel feature absent from 
the CP-invariant MSSM [§. In particular, a proper description of the strong CP- violating 
mixing of the heavier Higgs bosons requires a resummation approach that takes properly 



into account unstable particle-mixing effects in a way consistent with unitarity and 
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gauge invariance. For this, one might consider the resummation approach implemented by 
the pinch technique (PT) In general, when naively resummed, off-shell Higgs-boson 
self-energies depend on the choice of the gauge-fixing parameter, due to loops involving 
and Z gauge bosons. However, this issue of gauge invariance does not directly affect 
the present computation of the Higgs-boson pole masses, since we neglect the subdominant 
contributions due to gauge-boson loops. Moreover, it is known that pole masses are 
by themselves gauge-invariant quantities. 

To start with, we consider the charged Higgs-boson sector. The dispersion of the 
charged Higgs fields is governed by the inverse propagator matrix 

Al\s) = sl2 + n^(s), (3.1) 

where H^(s) is the RG-improved self-energy matrix of the charged Higgs fields expressed 
in the weak basis {G^,H^}. Note that n^(s) defined in (|2.6| ) includes the tree-level 
contributions and so does A-|-(s). Therefore, it is more convenient to rewrite n^(s) as 

where M^+'* is the mass eigenvalue of the tree-level charged Higgs-boson mass matrix Ai"^^^^ 
given by (p.8|). The gauge- independent pole masses of the G^-H^ system are determined 
by the vanishing of det Aj|:^(s). Thus, the complex pole masses Sg+ and Sh+ of the G'^ and 
bosons are found to be 



Sg+(H+) = ^G+(//+) ~ iMG+(H+)'^G+(H+) 
1 

~2 



TrH±(sG+(//+)) - (+) VTr'n±(sG+(i^+)) - 4 det n±(sG+(H+)) 



,(3.3) 



where Tg+{h+) correspond to the width of the corresponding particles. Employing the fact 
that detH^(O) = implies Sg+ = 0, as follows from the Goldstone theorem. Since it is 
practically impossible to solve ( p. 3D analytically for sh+, we shall determine the pole mass 
of the charged Higgs boson using a perturbative expansion with respect to the loop 
factors l/(167r^)", where n indicates the number of loops. To this end, we consider the 
relation _ _ 

Sh+ = M^y - \1h+h-[sh+) H : ^ — ^ , (3.4) 

Sh+ + i^G+G-[SH+) 



which is completely equivalent to ( [3.31 ). Within the framework of perturbation theory, a 
self-energy function H(s), e.g. IiH+H-{.s), may be expanded loopwise as 

H(s) = H«(s) + H(2)(s) + ■•• + H(")(s) + (3.5) 
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Obviously, at zeroth order we have M|f+^ = M^+'* and = 0, and at one- loop order 
mJ?^ = Mlf - ReniJi^„(Mj?^) and MUlf^Jl = Imfi^Ji^. (mJ^+^). Making use of the 
emerging perturbative structure, we find at two-loop order 

+ ^Re(n«^_ngl^_), (3.6) 

MlJIfgl = im(n5;i^_+ng)^_) - RenJJlVimn^l^- 

^ Im(n(;l^_ngV). (3.7) 



-^^2 ('2) 

Here, all self-energies involved are understood to be evaluated at . Since we are 

interested in a perturbative one-loop computation of the charged Higgs-boson pole mass 
that is improved by including two-loop leading logarithmic corrections and threshold effects, 
we should consistently disregard higher-order terms occurring in Mjj+. Specifically, since 
the third and fourth terms on the right-hand side of ( p. 61) do not receive leading logarithmic 
contributions, they may be omitted [[]. 

In the MSSM with explicit radiative CP violation, it is convenient to use as input the 
physical charged Higgs-boson mass Mh+ instead of Rem^2 ( p.7| ). The free Lagrangian 
parameter Rem^2 ^-l^o enters the neutral Higgs-boson self-energy matrix H^(s) through the 
two-loop Born-improved mass matrix J\4.g in ( pl2D (and likewise Mp). We may therefore 
eliminate the quantity Rem^2 appearing in H^(s) in favour of Mjj+, using the relation 

^'"^'^ - Mi. - lx,v' + ReUH.H-iMjj.). (3.8) 



sin /3 cos /3 " 2 

In ( |3.8| ), all kinematic parameters, with the exception of the scale- independent quantity 
Mff+, are evaluated at rrit. The charged Higgs-boson self-energy IIh+h-{s) is calculated 
to the one-loop order considered, and further improved by including leading two-loop log- 
arithms and threshold effects. 

The computation of the pole masses of the neutral Higgs bosons can proceed along 
similar lines. As in the charged Higgs-boson case, to the order of our perturbative ap- 
proximation, we may neglect all the self-energy terms involving the boson in H^, i.e. 
the terms Ugogo, ^G^a, Hg-o^^ and Hco^^. However, we cannot neglect the other matrix 
elements of H^ in the subspace {0i,02,a}, and especially those induced by CP-violating 
loop effects. 

^Moreover, we have verified in a number of cases that these higher-order terms indeed have neghgible 
numerical impact on the neutral Higgs-boson mass spectrum. 
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To better elucidate the above point, let us consider two Higgs scalars H and A of 
opposite CP quantum numbers: CP{H) = +1 and CP{A) = —1. For instance, for tan/5 > 3 
and Mh+ ~ 200 GeV, one may identify H approximately with 0i and A with a, the two 
heaviest neutral Higgs states in the CP-invariant limit of the theory. Further, the states 
H and A may be considered to be nearly degenerate, which is exactly what happens in 
the CP-invariant MSSM for the above kinematic region of a large Mh+- In the presence 
of explicit sources of CP violation (see also the discussion in Section 2), H and A will mix 
radiatively, and one then has to deal with a strong CP-violating H-A mixing system p|, |28 



The dynamics of the H-A system may be described by the two-by-two propagator matrix 
A„(s), whose inverse is given by 



An (S) = SU + n"(s) = Sl2 - { " ^ ' ' 2(0) . J • (3-9) 



As before, the pole masses sh and sa of the H and A bosons may be obtained as solu- 
tions of the characteristic equation det A,;;;^(s) = 0. The last equation can equivalently be 
decomposed into a coupled system of complex equations: 

A _ /l#2(0) fr flHAjsH) flAHjsH) . . 

Sh - Mjj - IIhh[Sh) + z ,.2(0) , ^ — 77— ' y^-^^) 

Sh - + Uaa{sh) 

/\#2(o) ff \ , IIah{sa) IIha{sa) , . 

SA = - Uaa{sa) + z ,.2(0) , — ;:— ■ (3-11) 

Within the framework of perturbation theory, the above non-linear system of equations 
could be solved iteratively, where sh and sa on the left-hand sides of (|3.10|) and ( p.ll|) rep- 



resent higher degrees of iteration. Such a procedure, however, does not lead to convergent 
solutions when 

|M^(°) - Unuis) - M'J''^ + flAA{s)\ < 2\flHA{s)\, (3.12) 

at s ~ M]j ^ M^. Here, it is also interesting to remark that the inequality ( |3.12| ) reflects 
a kinematic regime of resonantly-enhanced CP violation in Higgs-mediated processes . 

To avoid the above problem of convergence in the computation of pole masses, we 
follow a different two-step approach, which we apply directly to the original 4x4 self-energy 
matrix H^(s). The first step consists in diagonalizing H^(s) in the effective-potential limit 
s = by means of an orthogonal matrix O: 

0^n^(s)0 = U^is), (3.13) 
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with 



U^'is = 0) = diag(M^^, Mfj^, M^3, o) . (3.14) 
Clearly, the analytic forms of Mhi 2 3 coincide with the RG-improved Higgs-boson masses 



computed in In particular, we can check that the numerical results obtained by the two 
approaches are identical, provided the effective-potential charged Higgs-boson mass Mh+ 
instead of the pole mass Mh+ is used as an input. In the second step, we determine the 
perturbative one-loop pole masses 23°^ three Higgs bosons through the relation: 

Ml = -ReTif^iMl), (3.15) 

with i = 1,2, 3. 

Clearly, the above expression is an excellent approximation to the exact masses in 
cases in which the mass eigenvalues are not close to each other. For nearly degenerate Higgs 
bosons which are strongly mixed by CP violation, e.g. for — M^] < |H^(M^2) -|- 

n^(M^g)|, our two-step computation of the Higgs-boson pole masses should be further 
improved. Indeed, this situation is equivalent to the one we encountered above for a 
strongly-mixed H-A system (cf. ( |3.12| )). In this case, we first define an average Higgs- 
boson mass, M|f23 = | + Mfj,J, and then find the mass eigenvalues of the two-by-two 
submatrix Ilfj{Ml.^) (with i,j = 2,3), where the {H2, H3) subspace is described by a 
formula analogous to ( |3.3| ). In this case, however, all expressions are defined at the scale 
^H23 ^"^^ therefore the appropriate solutions may be found in a straightforward way. 



4 Numerical results 



For our quantitative analysis |^ , we adopt the benchmark scenario of maximal CP viola- 



tion (CPX) introduced in [|T^: 



Mq = Mt = Mb = MsusY, /i = 4MsusY, 

lAI = \Ab\ = 2MsusY, \mg\ = 1 TeV . (4.1) 

According to our phase conventions, the parameters fi and taken to be real, whilst 

the soft-trilinear Yukawa couplings ^ and gluino mass rrig are complex. Thus, CP viola- 
tion in the MSSM Higgs sector is predominantly mediated by the CP-odd phase arg (At^b) 
at the one-loop level, with arg {rrig) entering at the two-loop level. 

We recall that the CP-violating parameters At and rrig may also lead to observable 
two- and three-loop contributions to the electron and neutron electric dipole moments 
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(EDMs) p2| , P^ , Since these higher-loop EDM effects get enhanced for large val- 
ues of tan/?, cancellations among the different one- and higher-loop EDM terms may be 



needed p6|, p!2|. A cancellation down to the required 10 % level is generally not very difficult 
to arrange in the CPX scenario, even for relatively large values of tan jS ~ 20. 



As was already discussed in [T^, the large values of together with the compara- 
tively low values of the charged Higgs-boson mass that are used below in the analysis of the 
CPX scenario are not feasible in minimal supergravity models with radiative electroweak 
symmetry breaking. In general, the realization of the CPX scenario requires non-standard 
boundary conditions at the high-energy input scale. Nevertheless, these non-standard 
boundary conditions might be obtained, for instance, within superstring-inspired models, 
in which SUSY is broken by the VEV's of the auxiliary components of the moduli fields. 

As a first example, we consider a CPX scenario with tan/5 = 5, Mh+ = 150 GeV and 
^susY = 0.5 TeV. In Fig. ^(a), we show numerical values for the effective-potential and 
pole masses of the two lightest Higgs bosons Hi and H2 as functions of arg (At) = arg (A),), 
for two different gluino phases: arg {rrig) = and 90°. In detail, the numerical estimates of 
the effective-potential masses Mh^ and are indicated by solid lines for arg {nig) = 0, 
and by dash-dotted lines for arg [rrig) = 90°. The corresponding numerical results for the 
pole masses M^-^ and Mh^ are given by the dashed and dotted lines. As can be seen from 
Fig. ^(a), the difference between effective potential and pole masses becomes significant 
only for large values of the stop mixing \Xt\ = \At — fi*/ tan/3|. This difference can be as 
large as 3 GeV, for arg (At) ^ ±90°. 

One may observe that for arg {rrig) = 0°, the numerical values for the Hi- and H2- 
boson masses are approximately symmetric around the vertical line arg [At) = 0, whilst 
they exhibit a noticeable asymmetry if arg {rrig) = 90°. This asymmetry between positive 
and negative values of arg {At) may be as large as 3 GeV. Its origin can be attributed to 
the CP- violating stop threshold effects on the top-quark Yukawa coupling. The main effect 
of these threshold corrections is to change the absolute value of the top-quark Yukawa cou- 
pling at the heavy squark-mass scale, which determines the value of the scale-independent 
contributions to the effective potential. Taking into account the expression for ht presented 
in [jl2i, the dominant contribution to these threshold corrections is proportional to At rrig. 



Since the tree-level top quark Yukawa coupling is real, for zero gluino-mass phase, a 
change in sign of the phase of At leads to a change in sign of the imaginary part of the 
threshold correction, without inducing any change in the absolute value of the top quark 
Yukawa coupling at the one-loop level. For arg {rUg) = 90°, instead, choosing arg {At) = 
90° (—90°) leads to a threshold correction that reduces (enhances) the absolute value of 
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ht. Indeed, the product of At and rrig reduces to a negative (positive) real number for this 
particular choice of phases and therefore the situation is similar to the CP-conserving case 
in which positive (negative) values of At enhance (reduce) \ht\. As is clear from Fig. @(a), 
an increase (reduction) of the top quark Yukawa couplings leads to a corresponding increase 
(reduction) of the lightest Higgs-boson mass. In this respect, it is interesting to notice that 
the numerical values for arg (m^) = —90°, which were not plotted in Fig. 0(a), exhibit an 
asymmetry as well. In fact, the numerical lines for arg {nig) = —90° are almost mirror- 
symmetric with respect to those for arg {rrig) = 90° around the arg [At) = line, in 
agreement with what is expected from the argument presented above. 

In Fig. 0(b), we present numerical estimates of the effective Higgs-Z-Z couplings 
squared gj^-zz (with i = 1,2,3) versus arg (At) = aig{Af,), for the above two choices of 
the gluino phase, i.e. for arg {rrig) = and 90°. Note that gUiZZ represent the effective 
Higgs couplings to the Z boson normalized to their SM value; the precise determination of 
gUiZZ in terms of the orthogonal Higgs-mixing matrix O may be found in |P, |12|, From 
Fig. 0(b), we see that the predictions for g'n^zz affected in a minor way by the value of 
the gluino phase. 

In Fig. ^ we show numerical estimates for the Hi- and if2-boson masses and for the 
effective Higgs couplings to the Z boson in a CPX scenario with Msusy = 1 TeV. Again, 
we observe very similar features as in Fig. ^ namely the difference between the effective- 
potential and pole masses may be as large as 3 GeV, while there is no observable difference 
in the effective Higgs-Z-Z couplings. 

The above results show that the differences between the pole masses and those pre- 
viously computed in the effective-potential approximation for light neutral Higgs bosons 
are small, of about the same size of the possible uncertainties coming from higher-order 
loop corrections. The effects become more relevant in the case of a heavy and strongly- 
mixed Higgs sector, like that obtained in the CPX scenario for relatively large values of the 
charged Higgs-boson mass. 

In Fig. ^, we display numerical values for the masses of the two heaviest neutral 
Higgs bosons, H2 and ifa, as functions of arg(ylt), in a CPX scenario with tan/5 = 5, 
^susY = 0.5 TeV and arg {rrig) = 90°. Going from the upper to the lower panel in 
Fig. H, we discretely vary the charged Higgs-boson pole mass: Mh+ = 200, 400, 600 GeV. 
Numerical results pertaining to the effective-potential masses are indicated by solid lines, 
while the results of pole masses are given by the dashed lines. 

To understand the results presented in Fig. ^, it is important to notice that the lightest 
stop mass values in the CPX scenario for tan /3 = 5 and Msusy = 0.5 TeV vary from 250 to 
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450 GeV, with values diminishing for larger values of the phase of At. Whilst a light Higgs 
boson cannot decay into a pair of supersymmetric particles, this decay channel opens up 
for a sufficiently heavy charged Higgs boson. An enhancement in the Higgs-boson pole- 
mass shift for Higgs-boson masses above the stop production threshold is to be expected |. 
This effect is quite visible in Fig. ^. The pole masses start presenting significant differences 
from those computed in the effective-potential approximation, with the maximal differences 
observed at the values of the Higgs-boson masses equal to the threshold for the production 
of a pair of top squarks. This threshold is quite visible in Fig. ^ for which sizeable mass 
differences of about ten percent of the Higgs-boson mass are obtained. In particular, this 
is clearly shown in the cases of Mh+ = 600 GeV, for which mass shifts of about 50 GeV 
are obtained f\. We note that the threshold effect on the mass is much smaller than on 
that of H2, due to a significantly smaller couphng of the if 3 to the lighter stop quarks in 
the parameter range studied. 

In this respect, it is instructive to compare Fig. ^ with Fig. |^. Whilst in Fig. ^ we 
considered Mgugy = 0.5 TeV, in Fig. ^ we considered Msusy = 1 TeV. Contrary to the 
case of a light Higgs sector, in the case of a heavy Higgs sector, the increase in the SUSY- 
breaking scale has dramatic effects. The reason is that the lightest stop particle becomes 
much heavier in this case, and therefore the Higgs-boson masses are far away from the stop 
threshold. The mass shift coming from the computation of the Higgs-boson pole masses is 
never larger than about 3 % in this case. In fact, this result depends only slightly on the 
exact value of the heavy Higgs-boson masses considered in Fig. |^. 

It is important to stress that the shift in the pole masses tends to increase the mass 
difference between the two neutral heavy Higgs states. In the effective-potential approxi- 



mation, this mass difference is controlled by \fiAt\ (see [^, for instance), becoming smaller 



for larger values of the Higgs-boson masses (see the solid lines in Figs. ^ and For the 
reasons explained above, the difference in pole masses between the two heavier states may 
actually be larger than the effects on light states, something that is quite apparent in Fig. |. 
This property may have important implications for physics at the LHC and at the future 
high-energy electron-positron and muon colliders. 

We conclude this section with a brief discussion of the charged Higgs-boson pole 
mass Mh+. As in the case of the neutral Higgs bosons, the effective-potential charged 

i^Since fi is relatively large, chargino/neutralino on-shell effects are, instead, rather suppressed in the 
CPX scenario. 

For such large values of the charged Higgs-boson mass, the lightest neutral Higgs boson Hi has SM-like 
properties, due to the decoupling of the supersymmetric particles and the heavy Higgs bosons. 
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Higgs-boson mass Mh+ differs from its pole value Mh+ ■ Either Mh+ or Mh+ could be used 
equally well as an input for the evaluation of the neutral Higgs-boson mass spectrum. If 
the same values for Mh+ and Mh+ were considered as inputs, they would result in slightly 
different values of Re 771^2 so in modest changes in the neutral Higgs-boson masses. 
Conversely, the mass difference Mh+ — Mh+ can be derived by finding values of Mi{+ and 
Mh+ that give the same predictions for the neutral Higgs-boson mass. In Fig. ^, we present 
numerical estimates for this mass difference Mu+ — Mjj+ as a function of the charged 
Higgs-boson pole mass Mj^+, for CPX scenarios with tan/3 = 5, and Msusy = 0.5 and 
1 TeV. In these estimates, we also select different phases for the CP-violating parameters 
rrig and Af-. arg (A^) = arg (m;^) = (solid), arg(A() = 90° and arg (m^) = (dashed), 
arg (At) = arg (m^) = 90° (dotted), and arg (At) = —90° and arg (m^) = 90° (dash-dotted). 
We observe that the shifts in the charged Higgs-boson mass are larger in the CPX scenario 
with Msusy = 0.5 TeV shown in Fig. |^(a) than in the CPX scenario with Msusy = 1 TeV 
shown in Fig. ^(b), due to the fact that stop-sbottom production threshold effects are more 
significant in the first scenario. 



5 Conclusions 

In this article we have computed the Higgs-boson pole masses within the minimal super 
symmetric standard model with explicit radiative CP violation in the Higgs sector |31[ 



One-loop self-energy effects included in the definition of the pole masses are computed di- 
agrammatically, while higher-order effects are computed via a RG improvement similar to 
that used previously in the effective-potential approximation. 

In general, the effect on the Higgs-boson masses depends on the value of the super- 
symmetric particle masses: the closer the Higgs-boson mass is to the production threshold 
for a pair of supersymmetric particles, the larger becomes the difference between the pole 
masses and that computed in the effective-potential approach. Therefore, the relative shifts 
between pole and running masses are constrained to be much smaller in a light Higgs sec- 
tor, where the masses are below the production threshold for top squarks. Still, for the 
i^i-boson sector, the absolute mass-difference value \Mhi — Mhi \ can be as large as 3 GeV. 
There is also a significant asymmetry between positive and negative values of arg (At), when 
arg {rrig) is large, e.g. arg (m^) = ±90°, which is mainly associated with the supersymmetric 
threshold corrections to the top-quark Yukawa coupling. 

The effects of computing the pole masses versus the running masses in the heavier 
Higgs sector may, instead, be very significant, particularly when the if2-boson mass is 
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close to the stop production threshold. We find shifts in masses that can be as large as 
10 % of the physical Higgs-boson masses. In addition, these mass shifts tend to increase 
the mass splitting between the two neutral heavy Higgs bosons, and therefore may have 
important implications for Higgs physics at the LHC, or at future Higgs factories such as 
linear electron-positron and muon colliders. 
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A Higgs-Boson Couplings to Squarks 



We present in this Appendix the couphngs of the Higgs bosons to squarks, incorporating 
CP violation. 

The task of computing the Higgs-boson self-energies simplifies considerably if the 
Higgs-boson couplings are expressed in terms of 2 x 2 matrices in the weak basis of left- 
handed and right-handed squarks, and qr. Before listing the Higgs-boson couplings, it 
is useful to recall some of the standard relations associated with the squark sector of the 
third generation. The stop and sbottom mass matrices may conveniently be written as 



M 



Ml + ml + cos 213 Ml {T^ - Q, sin^ 9^) m,(A; - /ii?^ 



mq{Aq - II* Rq) + TTi^ + COS 2/3M| Qq sin^ 6^ 

(A.l) 

with q = t,b, Qt = 2/3, Qb = -1/3, = -T^ = 1/2, Rb = tan/3 = V2/V1, Rt = cot /3, 
M| = \{gl + g'^y and sin^ = g'^igl + g'^). In and are soft SUSY- 



breaking masses for the left-handed and right-handed third-generation squarks. As usual, 
AA-I may be diagonalized by a unitary transformation V^. The unitary matrix relates 
the weak (g^,, qji) and mass eigenstates (gi, ^2) through: 

- 1 I ^ - - 1 : " I ( :::: i ■ 

where 5q = arg{Aq — Rqfi*) and the mixing angles 9q can uniquely be determined by 

mq\Aq- Rqfl*\ 





COS 9q 



ml\Aq-Rqfi*\^ + [{Ml)n-ml]^ 



sin 9q = '''' ii' (A.3) 

'ml\Aq-Rqfi*\^ + [{Ml)u-mlf 



ii qi 

Furthermore, the mass eigenvalues of Ai^ are easily found to be 

"^ii(92) 



i + m2 ^ + cos 2/5M| 



- M2 + cos2/3M|(T| - 2Q,sin2^^)]' + 4m2|A* - fiRq]^ |.(A.4) 

In the following, we list individually the Higgs-boson couphngs to top and bottom 
squarks, employing a 2 x 2-dimensional matrix representation: 



19 





' 


KA\ 











{ ° 




71 








[ -htfi* -j^hthlV2 

Without loss of generality, the tree-level Yukawa couplings ht and /i^ can be taken to be real 
and positive [|1^], i.e. the t- and 6-quark masses are given by mt = ^ htV2 and ^b = ^ h^Vi 
at the tree level. Then, it is not difficult to verify that 

Ml = diag(Mj, M^) - r-^^*** - V2T^'^*\ 

Ml = diagiM^,M^) - viV^''^*'^ - V2T'^''^''^. (A.6) 

As well as trihnear couplings, Higgs bosons also have quadrilinear couplings to 
squarks. These additional couplings are given by 

( - ^(C? - ifl'^N Q 

" I -is" 

— 1 (n'^ J- ln'2\ n 
Y4>2<f>2b*b Y<^2a2b*b / 4 ~^ ■^iJ ) ^ 



-\9" 
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6*6 





-\ht\' + \g" 



I/, 12 I 1 „/2 



(A.7) 



B Higgs-Boson Self-Energies 



In this Appendix, we derive analytic expressions for the neutral and charged Higgs-boson 
self-energies. We first consider the contributions of the third-generation squarks q = t, b to 
the CP-even Higgs-boson self-energy transitions (pj —>■ (pi. Then, the CP-even Higgs-boson 
self-energies shown in Fig. |l] may be computed by 



q=t,b 



q=t,b 



d^k 



Tr [iA\k + p)iT'^^'' UA'^{k)iT^^'^ " 
Tr \iA^{k) ir<^»<^»9*9 



where D = 4 — 2£:, A^^c = 3 is the colour factor, and 



:b.ii 



(B.2) 



is the squark-propagator matrix written in the weak basis. The unitary mixing matrix 
that relates the weak and mass eigenstates as well as the 2x2 coupling matrices V^^^*^ and 
Y<t>i4>iq*Q were already presented in Appendix A. 

To evaluate the self-energies in ( |B.1D , it is more convenient to decompose the squark 
propagator as 

A5'(fc) = A^(it)l2 + Ai{k)WT^W^, (B.3) 
with I2 = diag (1, 1), rs = diag (1, —1) and 



Ai{k) 



2 \ k'^ — m?^ 



± 



fc2 - 



(B.4) 



With the above decomposition of the squark propagators, the neutral Higgs-boson self- 
energies are analytically determined by 

1 



q=i,b 



E 1 Ms, ml, ml) + Bo{s,ml,ml) 
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+ 25o (s,m?m? 



+ 



' ""-Jl' "''<?2^ J V / 



(B.5) 



q=t,b 



+ 



:b.6) 



Here, BQ{s,m\,m'^ and y4o(m^) are the usual Pasarino-Veltman one-loop functions 
i?o(., ml ml) = Cyy - In (^) + 2 + M (m^ - m?) In (^) 



+ X^^'^{s,ml,ml) cosh ^ 
Ao{m'^) = [l + 5o(0,m^m^) 



ml + — s 
2mim2 



(B.7) 
(B.8) 



with Cuv = ^ — 7_E + ln47r and A(x, y,z) = {x — y — zY — Ayz. In particular, -Bo(s, m^, m^) 
simplifies further when evaluated at s = 0, to 



BQ{Q,ml,ml) 



uv 



ln(!^) + 1+ i + i Inf^V 



2 2 

mf — m2 



mi 



:b.9) 



Moreover, U'^t-^U'^^ may be expressed entirely in terms of the elements of the squark mass 
matrix A^^ and of its squared mass-eigenvalues m?^ ^5 ^is 



{Ml)ii-{M%2 2iMl 



112 



ml - m| 



2 {M'*)i2 {M')22 - {Ml)ii 



(B.IO) 



The analytic expressions of the CP-odd Higgs-boson self-energies n^(s) may easily be 
recovered from the CP-even ones by replacing the coupling matrices F*^'^*^ and F'^*'^'^*^ 
with F"^5'*5' and T"^"^^*^ in (^) and (TO - 

The CP-violating scalar-pseudoscalar transitions ai may also be calculated in a 
very analogous manner. Specifically, we find 

1 



nr""(«) 



+ 



Tr I^F"'''*'^ p^j'?*'? 
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9 9 



2 2 ^ 



(B.ll) 



We have checked that ( |B.11| ) is in agreement with the original derivation presented in |Q. 

Finally, the analytic expressions of the charged Higgs-boson self-energy transitions 
(pj (pl take on an analogous form 



1 

647r2 



+ Bo(s,mhmi 



+ 

X 

+ 

X 

+ 



Tr (^r'^^**^r*^~^**) 

Tr (r-^^"^ f/Vsf/^^ r*^"^**) 



xTrfr'^'^**''^^^ 



(B.12) 



^ 327r2 



E 



52^ 



Tr ( 



9 9 



+ 



Ao{ml) - Ao(m?j]Tr(K'^7^'*«'f/V3f/'^t 



(B.13) 



In addition to squark loops, top and bottom quarks also contribute to the neutral 
and charged Higgs-boson self-energies. The t- and 6-quark contributions to the CP-even 
and CP-odd Higgs-boson self-energies are given explicitly by 

- Anlm.f) — - 



Hfi(^)(.) 



M 

87r2 



Ao(m^) — - (s — 4m^) _Bo(s, m^, 



and we note that H 



M 

87r2 



Aoiml 



-Bo{s,ml,ml) 



.5P,{c), 



(B.14) 



12 vsj = H[2'''(s) = 0, and also Hf/'^'^(s) = 0, for ij = 1, 2. 



By analogy, the charged Higgs-boson self-energies also receive quantum corrections 
due to t and b quarks, viz. 



H 



±,(c)/ 

11 I 



Ao(m?) + AoK) - {s-m',-ml)Bo{s,mlml) 
23 



\hthf, 



87r2 



t J ' 



n 



22 I 



167r2 



Ao(m2) + Ao{ml) - {s - ml - ml) Bo{s,m],ml) . (B.15) 



The charged and neutral Higgs-boson self-energies derived here are not UV-safe quan- 
tities. As has been discussed in Section 2, they can be renormalized in the MS scheme by 
neglecting terms proportional to Cuv- However, even in the MS scheme, one still has to 
take into consideration the relevant Higgs-boson tadpole CTs. Therefore, we quote the 
analytic results of the tadpole parameters T^^ ^ and T^^ ^ . After taking into account the 
third-generation squark/quark loop effects displayed in Fig. |l|(d) and (e), we obtain 



T. 



id) 



T, 



T, 



4>2 



rpid) 

ai 



12 



+ 



327r2 



q=i,b 



Tr ( r'^*^*'' 



Ao{m^ 

vi\hb 
87r2 

V2\ht 



Mml). 



q=t'b 

tan/? Tif), 



(B.16) 



with Trh 



Tit + Tit and T, 



a.1,2 



ai,2 ■ 
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Figure 2: Numerical estimates of (a) the ifi,2- effective-potential and pole masses and 
(b) gjj.zz functions o/arg (At), in a CPX scenario with Msusy = 0.5 TeV, arg {rrig) — 
and 90°. In plot (a), the effective-potential mass Mh^^ indicated by a solid (dash- 

dotted) line for arg(mp) = (90°), and its pole mass Mh^ {MH2) by a dashed (dotted) line 
/or arg (m^) =0 (90°). 
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Figure 3: The same as in Fig. ^ but for a CPX scenario with Msusy = 1 TeV. 
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Figure 4: Numerical estimates of the two heaviest H2- and H^-hoson masses versus arg {A 
for different charged Higgs-boson pole masses in a CPX scenario with arg^nig) — 90 
Effective-potential masses are indicated by solid lines and pole masses by dashed ones. 
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Figure 5: The same as in Fig. ^ hut for a CPX scenario with Msusy = 1 TeV. 
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(b) M„+[GeV] 

Figure 6: Numerical values of the difference between the effective-potential and the pole 
mass of the charged Higgs boson, Mh+ — Mh+ , as a function of Mh+ , for a CPX scenario 
with (a) MsusY = 0.5 TeV and (b) Msusy = 1 TeV. The different types of lines correspond 
to diXg{At) — arg(mp) = (solid), aiXg{At) — 90° and arg (m^) = (dashed), arg(At) = 
arg(mp) = 90° (dotted), and aiXg{At) — —90° and arg (m^) = 90° (dash- dotted). 
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